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Fig. 1. Rendering a scene using a realistic light transport simulation can be interpreted as evaluating a function f(x),
whose input x encodes the shape and materials of objects. Owing to the complexity of f, an inverse y = f~1(x) to retrieve
scene parameters from an existing image y is normally not available. Differentiable renderers pursue such an inverse by
differentiating f and casting the inversion into a gradient-based minimization process.
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1 INTRODUCTION
Differentiable rendering is a emerging tool enabling the inverse analysis of images—for instance, determining
the shape and material of an object from one or multiple input photographs. This problem is surprisingly
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before exiting the glass some distance away, giving milk its typical “glow”. The surface seen through a pixel may
not even be in focus, in which case its interpretation is even less clear. Every position is effectively coupled to all
other positions through the physics of light, and it is therefore not possible to analyze one object in isolation—we
need to understand the properties of all other objects at the same time!

Existing physics-based rendering algorithms generate images by simulating the flow of light through detailed
virtual scene descriptions. This process can also be interpreted as evaluating a function f : X — Y, whose
high-dimensional input encodes the shape and materials of objects (Figure 1), and whose output y = f(x) is a
rendered image that reveals the complex radiative coupling between objects (shadows, interreflection, caustics,
etc.). These effects are crucial in the pursuit of (photo-)realism, but they also obscure the individual properties of
objects as shown on the previous page. For this reason, an inverse f~! to retrieve parameters x from an existing
image y is generally not available.

Methods in the area of physics-based differentiable rendering seek to provide such an inverse. However,
instead of directly evaluating f~!, they target a more general optimization problem that requires the choice of an
objective function z = ¢g(y) to quantify the quality of a tentative solution. In the simplest case, we could, e.g.,
set g(y) = ||y — Yret||? to measure the consistency of a simulation with an empirical observation yyef. Ordinarily,
determining parameters x that optimize g(f(x)) would simply be infeasible due to the nonlinear nature of the
parameter space and its enormous dimension: every texel, voxel, and vertex in a mesh is a free parameter, and
detailed scenes can easily have hundreds of millions of them!

The main distinction and benefit of differentiable rendering compared to “ordinary” rendering is the availability
of derivatives ("l/mx), which provide a direction of steepest descent in the high-dimensional parameter space
(Figure 1). Using any suitable gradient-based optimization technique, a differentiable renderer is then able to
successively improve the parameters with respect to the specified objective. The high level of generality of
this approach has made physics-based differentiable rendering a key ingredient for solving challenging inverse-
rendering problems in a variety of scientific disciplines. Another benefit of differentiable rendering techniques
is that they can be incorporated into probabilistic inference and machine learning pipelines that are trained
end-to-end. For instance, differentiable renderers allow “rendering losses” to be computed with complex light
transport effects captured. Additionally, they can be used as generative models that synthesize photorealistic
images.

Challenges. Compared to its “ordinary” counterpart, physics-based differentiable rendering introduces unique
theoretical and practical challenges. For instance, practical problems can involve many (e.g., 10°~10'°) parameters,
making simple techniques for differentiation such as finite differences impractical. Standard frameworks for
automatic differentiation (e.g., PyTorch or Tensorflow) that are widely used to train neural networks are poorly
suited to the prohibitively large and unstructured graph structure underlying the computation of complex light
transport effects. Finally, geometric derivatives involve a unique challenge: boundaries of objects introduce
troublesome discontinuities during the computation of shadows and interreflections that lead to incorrect
gradients if precautions are not taken. Thankfully, recent advances in physics-based differentiable rendering
theory have enabled the scalable differentiation of radiometric measurements with respect to arbitrary scene
parameters as well as unbiased Monte Carlo estimators. In this course, we provide an in-depth introduction
to general-purpose physics-based differentiable rendering.

Course outline. This course is comprised of two major components: (i) a theory-focused component covering the
mathematical foundation of physics-based differentiable rendering; and (ii) an implementation-focused component
discussing the corresponding Monte Carlo solutions as well as how these estimators can be implemented correctly
and efficiently. For physics-based differentiable rendering theory, we cover the following topics.
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§2. Motivation and Preliminaries: We introduce notation and principles of physically-based rendering.
Following this, we motivate differentiable rendering using a toy example of a scene containing two
constant-colored triangles. We also introduce the mathematical preliminaries on the differentiation of
integrals using Leibniz’s rule and Reynolds transport theorem.

§3.1. Differentiable rendering of surfaces: We utilize the results from §2 to differentiate the rendering
equation (RE) in §3.1.1 and §3.1.2, enabling general-purpose differentiable rendering of surfaces.

§3.2. Differentiable rendering of participating media: We discuss how the full radiative transfer equa-
tion (RTE) can be differentiated with respect to arbitrary scene parameters.

§3.3. Radiative backpropagation: We explain how differentiation can be cast into a light transport problem
to enable efficient differentiation of scenes involving millions of parameters.

On the implementation side, we discuss the following aspects:

§5.1. Monte Carlo solutions: We present a few Monte Carlo solutions for derivative estimation including
differentiable path tracing with edge sampling (§5.1.1), its reparameterized variant (§5.1.2), and differentiable
volume path tracing (§5.1.3).

§5.2. Automatic differentiation: We discuss how automatic differentiation (autodiff), a key ingredient of many
general-purpose differentiable renderers, should be implemented for rendering.

Lastly, we demonstrate in §6 potential applications of physics-based differentiable rendering to several challenging
inverse rendering problems.

1.1 Scope

In this course, we will mainly discuss how to correctly and efficiently differentiate rendering operations, with
hard surface boundaries in the presence.

Geometry and representation. We focus our discussions on mesh representations for our scene geometry, as it
is currently the standard of 3D photorealistic rendering. Most techniques and theories we present can potentially
be generalized to handle other geometric representations that represent surfaces such as implicit functions,
polynomials, or boundary representation.

Approximate versus unbiased methods. We mainly focus on how to correctly derive the derivatives and consis-
tent/unbiased estimators of rendering in this course. We briefly discuss approximate methods in Section 2.6, and
show that many of them are compatible with our theory. We note that it is still debatable whether approximation
is necessary for fast differentiable rendering. From our experience, the main bottleneck of most differentiable
rendering systems lie in the irregular memory access in the derivative computation, instead of the visibility com-
putation, regardless of rasterization or ray-tracing. Further research is required to accelerate both approximated
and unbiased methods.

Scene initialization, parametrization, topology, and prior. We focus on discussing the gradient computation of
the rendering process. A real inverse rendering pipeline is more involved than just the gradient computation,
requiring careful initialization and parametrization to avoid convergence to low-quality local minima, handling
of discrete topology changes of meshes, and assigning priors to resolve ill-posed aspects of inverse problems.
These issues, while being very important research problems, are beyond the scope of this course.

2 MOTIVATION AND MATHEMATICAL PRELIMINARIES

In this section, we will work on a simplified problem with rendering two 2D triangles with constant color (Fig. 2a).
The two triangles can occlude each other. In this case our scene parameters are the 6 triangle vertices (12 real
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(a) (b) no anti-aliasing (c) with anti-aliasing

Fig. 2. We start with a simplified rendering example to explain our motivation. Given two constant color triangles in 2D
(a), we want to generate an image. A naive approach is to evaluate the color for each pixel at the center (b). However, this
approach is prone to aliasing in the signal processing sense, which produces artifacts such as jagged edges, fake fine details,
and temporal flickering. Most renderers, whether differentiable or not, real-time or offline, rasterized or ray-traced, have to
perform anti-aliasing (c). Anti-aliasing is formulated as an integral for each pixel, over the support of a low-pass filter. In the
case of a uniform box filter, we want to compute the average color for each pixel.

numbers) and the colors of the two triangles (6 real numbers). Given these 18 real numbers as a vector O, where
we denote the vertices parameters as O and the color parameters as O, we want to generate an image I(rr) and
compute a loss function L(I(0)) (e.g., comparing the image with a target, or feeding the image to a neural network
classifier). Our goal to compute the gradient Vo L(I(0)) so that we can minimize the loss using gradient-based
optimization.

We will first show that rendering is usually modeled as an integration problem. Then we show that, while
the integrands are discontinuous, the integrals are actually differentiable. Unfortunately, naive combination of
integral discretization and automatic differentiation does not compute the correct derivatives that converge in
the limit. We discuss the mathematical tools that help us to correctly discretize the derivatives of integrals.

2.1 Rendering as an Integration Problem

Before we talk about the gradient, we need to discuss how the image I is defined. How do we generate an image
from these two triangles? We can imagine that the two triangles define an underlying imaging function m(x, y; 0)
that maps continuous 2D coordinates (x, y) to a RGB color, depending on which triangle the 2D coordinate hits.
However an image is a discrete 2D grid. How do we go from the imaging function m to the image I? A naive
approach (Fig. 2b) is to evaluate m at the center of each pixel. This approach is prone to aliasing, which causes
issues including jagged edges, temporal flickering, Moiré patterns, and breaking up fine details [7].

From the signal processing perspective, we are sampling this 2D domain with a discrete image, where the
sampling rate is determined by the imaging function. Since the imaging function m is discontinuous, it has energy
at all frequencies and is not bandlimited. Therefore, as long as we are evaluating at the center of the pixels, we
will suffer from the aliasing problem no matter how large we select the resolution. To resolve the aliasing issue,
we need to remove the high frequencies energy from the imaging function m. This is done by convolving the
imaging function with a low pass filter (Fig. 2c). For each pixel L, we evaluate an integral centered around the
pixel center (x3,13): > >

k= k(xe,y)m(x +x,y5 + y; 0)dxdy = f(x,y;0)dxdy, (1)
where k is the filtering kernel. For convenience we define the rendering integrand f(x, y) = k(x, y)m(x+x, g5 +y).

Intuitively, to remove the artifacts introduced by aliasing, instead of only evaluating the center at each pixel,
we evaluate the weighted average color over an area. The selection of the filtering kernel k is an art in its own
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right, which involves subjective trade-offs between blurriness and ringing artifacts [29]. From now on we will
assume we are using a simple kernel called box filter, which assign uniform weights inside the pixel area. The
technique we introduce throughout this course works for any filter kernels, even non-differentiable ones.

There are at least two ways to solve the anti-aliasing integral (Eq. (1)), one is analytical and one is numerical.
Catmull [4] proposed to solve the integral analytically, by clipping the polygons against each other and partition
the integral into multiple regions, and analytically integrate the polygons. Arvo [2] derived an analytical approach
to compute the derivatives of diffuse global illumination. The analytical approach is unfriendly to modern hardware
architectures as it is hard to parallelize and involves extensive branching. It is also difficult to generalize analytical
integral for a different imaging function m and a kernel k - What if we want to use primitives other than triangles
such as ellipse or polynomials? What if, inside the polygons, we have color variation, and we don’t have analytical
solution for the color variation?

Most renderers, whether real-time, offline, physics-based, differentiable or not, need to deal with the aliasing
issue. Most of them solve the anti-aliasing integral using numerical solution by evaluating the imaging function
at various locations, a process often called discretization:

1 #

L~ —
N9=1

J(x9, 955 0), ()

The naive approach of evaluating at pixel center can also be seen as a (poor) approximation to the integral by
setting N = 1 and xy = yp = 0.5. —

We say a discretization is consistent if the discretization converges to the integral, i.e., limg _,o, 1/# 79#:1 f(xg,y9) =
L. The choice of the samples xy, yy does not need to be stochastic. Nevertheless, if we are randomly sampling
Xy, yy using probabilistic distribution, we say a discretization is unbiased if the expectation is the same as the
integral, i.e., E[ f(xy,19)] = k.

It turns out that, as we will show in Section 3, integrals are ubiquitous in rendering [6], and they do not just
appear in anti-aliasing. For example, we can model motion blur as an integration over time during the camera
shutter is open. We can model defocus blur for non-pinhole cameras as an integration over the aperture area.
Given an area light, we compute the radiance that goes from the light source to the camera by integrating over
the area of the light source. Kajiya [20] showed that we can model global illumination as an recursive integral, by
integrating each 3D point in the scene recursively. Therefore, most rendering problems are about 1) How do
we model the integrand f inside thesg multi-dimensional integrals, and 2) How do we evaluate, approximate,
precompute, or compress the integral  f for each pixel. Differentiable rendering instead asks the third question:
how do we differentiate these integrals?

For now let us focus on the anti-aliasing problem with the two constant color triangles in Figure 2.

2.2 Computing Gradients by Differentiating the Integrals.
Remember that our goal is to compute the gradient of the image I that contains the two triangles, over some
scalar loss function L, that is, Vg L (I (0)). Using the chain rule, we know that for each component 7 € R in the
parameter vector O

oL 9L(0)
oL(0) on

7}
—L(1(0)) = ®)

To be more concrete, if our loss function is the sum of pixel-wise squared difference with another target image I,
that is,

L= I1(0)-1(0) 2, (4)
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Fig. 3. A discontinuous integrand does not lead to non-di erentiable integral. Here we show a discontinuous function
I =G, ~j \ 220 : 05and we want to integrate it overs 1¢1%2 » 1+1%The integrand is not di erentiable with respect

to the boundary parametek . Therefore, all the yellow samples will return zero if we ask them the derivative with respect to
\ . However, changing (the blur arrow) will lead to acontinuous change to the volume below the curve. This is because
derivative of a sample can only detect local changes, and the chance a sample lands exactly at the boundary is zero.

then the gradient is

0
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The loss can be any di erentiable function, including a neural network. We can compuigegradient with
respect to the imagememg:0°) e ciently using the backpropagation or, equivalently, reverse-mode automatic
di erentiation algorithm (Section 5.2).

Now we want to compute the derivative of a pixel color with respect to the scene parametépseno. A
common misconception of the non-di erentiability of rendering is that the derivative'0%mcis discontinuous
and not di erentiable. However, recall thal is an integral that evaluates the average color within the lter
support. Therefore, the movement of the triangle vertices will in fact lead to continuous and di erentiable changes
to the average color (Fig. 3Jhe integrand of rendering is discontinuous and not di erentiable, but the
integral is actually di erentiable! Importantly, we did not make rendering an integration problem to make it
di erentiable. Instead, rendering is an integration problem in the rst place. All the approaches in any rendering
methods, real-time or o ine, are di erent approximations or discretizations of the rendering integral.

How do we compute the derivatives of an integral? Recall that we wanted to compute the integral numerically
(Eq.(2). Unfortunately, we cannot just automatically di erentiate the numerical integrator. For the vertex position
parameters, the numerical integrator will always evaluateQ¢the function return the color based on which
triangle 1G+ 2 hits). However, the derivative of thantegralwith respect to a vertex position parameteg 2 Ogis
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not 0 (Fig. 3).

[0} ~
_m 1Ge+(0 1 © Mgy -0° =1
me 51Ge+0 de~0# 9Elrm\ESG-\;wg,O =0 (6)

In general, the discretization and the gradient operator do not commute for discontinuous integrands. This is
because derivatives are measuring local changes, and uniform discretization has zero chance of detect the local
changes around discontinuities. To see this, let us simplify the problem and consider the following 1D derivative
integral with a step function: 1

1

M gy 221 0de” @

m? 0
If we discretize this function and evaluate derivative with respectXahe derivative is always 0. However, the
integral evaluate t@? for 0 ? 1 and thus the derivative id. This is because the discretization relies on
point sampling of the integrand. However, the point sampling can only access the integiaradly through
its in nitesimal neighborhood. Given a samplg and its small neighborhooéG ne<(, n°, the only location
where change happens is &= ?. However, the chance of us hittinG= ? randomly is exactly zero. Therefore
we will never detect the change of the integral through discretization.

Our strategy to di erentiate the integrals is then texplicitly put samples at the discontinuities to detect the
local change. In the following we provide the mathematical tools that allows us to do this.

2.3 Distributional Derivatives and Dirac Delta

One way to formalize the statement above mathematically is to use the concegisbfbutional derivatives
which de nes the derivative for even discontinuous functions. In the case above, the distributional derivative of
the integrand with respect t@ is aDirac deltax:

%‘?GY 221:0=XG ?° ©)

XIG ?°is not a function but adistribution We cannot just feed a Dirac delta an input value and get an output
value back. We can only evaluate Dirac delta through an integral (usually calledesifunctioh. We de ne the
Dirac delta's integral asolle ?0=1if0 ? 1, otherwiseitisO.

Mathematically, doing algebra with Dirac delta inside an integral and derive the correct measure is not entirely
trivial. This is mostly due to the fact that Dirac delta is a distribution and not a function. For example, the
multiplication of two Dirac deltas is not well-de ned. While it is possible to derive di erentiable rendering
using Dirac delta [24, 38], in this course note we use an alternative strategy that leads to simpler derivations in
higher-dimensional space.

2.4 Leibniz's Rule for Di erentiating 1D Integrals

Our alternative strategy is to, conceptually, split the integral such that all the discontinuities are at the boundaries.
We will demonstrate this for 1D functions, and generalize this to higher-dimensional space in the next subsection.

For the step function example we can split it into two constant integrals

1 1 1
1 ? 1

m . m m
— IGY??1:0dG= — 106, — 0dG” 9
m? 0 m? 0 m? ?
Importantly, the splitting is done only for derivation purposes, and we do not actually clip the polygons for
computation.

IHere 0 means that when we choos&y ~9 randomly, the sum will not converge to the integral ever#f goes to in nity. In contrast, the
original approximation (Eq. (2)) does converge to the corresponding integral when we choose the samples randomly.
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Fig. 4. To compute the derivative of an 1D integral with a discontinuous integrand, given a set of boundary points (orange)
that include all discontinuities, we can compute the derivatives by separately computing the derivatives of the continuous
part (theinterior derivative), and the discontinuous part (theoundary derivative). The set of boundary points can include
continuous points, since the dierenc& 5- evaluates to zero for those points.

After the splitting, the derivative can then be evaluated through the fundamental theorem of calculus, i.e.,

1 1
? 1
— 1 = Je— = 1
',)'_O @G ',)'.?Odc;o- (10)

thus the derivative evaluate ta.
The general version of di erentiation with respect to both the integral boundaries and the integrand is the
Leibniz's rule. Formally, let 2 R and consider the following Riemann integral over some inter¥@ic % 11c°°
R:
1ic°
51GcodGe (11)
0ic®

where the integrands is di erentiable everywhere with respect t&andc. Then,Leibniz's rule for di erentiation
under the integral sigfL0] states that the derivative of Eq. (11) with respecttds

interior
1lice° 1tc°
— 51Gc°dG= BGcodG|, Fc°5!111¢c%cC ®1cO50c% O o (12)
MC gico 0lco

1 boundary
m

where := mSmc, @ := doeqc, and P := dlegc. This equation involves interior and aboundaryterm where the
former equals the original integrall1)with the integrand di erentiated while the latter given by the integrand
evaluated at the integral boundari€dc® and11c® modulated by their change rate8tc® andfc©. The proof of
the equation easily follows from the fundamental theorem of calculus.
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@ (b)

Fig. 5. (a) illustrates Reynolds transport theorem for di erentiating 2D integrals. In contrast to the 1D case, our boundary
term becomes an integral as well. As in the 1D case, our boundary points can include points that land in the continuous
regions of the integrand, such as the occluded part of the blue triangle. For the continuous regions, the di ebéBcg c©
evaluates to 0. b shows that, for each point on the boundary, we need to compute the 2D movement of the boundary with
respect to the di erentiating parametei® We then need to projec@to the normal direction and multiply it with the

di erence. This is to account for the infinitesimalvidth of our line integral, so that we can properly measure the infinitesimal
area changes at the boundary.

Therefore, given an 1D integrab1 5!G ¢c°3@G and a set of point®qe 2» """+ ? 1 represent the point of disconti-
nuities with respect to the parametaer, the derivative of the integral is

ndar
1 interior boundary

m 1 1 6
— 51G c°dG= RGcodG|, 51?2.;¢c° 51?2.:c0 o (13)
mc o 0 =0

where we de ne5 1Gc®and5 G c° as the right-hand and left-hand limits db at Grespectively, i.e5 1Gc° =
limg ¢ 5!G*c%and5 1Gc® = limg ¢ 5'G*cO. For notational convenience, whehis not di erentiable
at 1Gc°, we de ne tGc° = 0. Intuitively, we are explicitly summing over the di erence at the two sides
of the discontinuities. Fig. 4 illustrates this process. We can derive the exact same results using distributional
derivatives 2.3: the derivatives at discontinuitiesat result in Dirac delta signals, which we can explicitly
integrate into the discrete sum.

We can then estimate the derivative integral (EG3) by discretizing the interior integral, and sum over all the
di erences. Note that, rst, the set of discontinuity point8. can include points that turn out to be continuous,
since for continuous regions the di erencd 1Gc° = 5 1G c?. This is important for handling occlusion later in
2D when we do not know if a triangle boundary is occluded or not. Second, we do not need to actually decompose
the integral, since the continuous regions can be assembled back to the full integral.

Next we will generalize our approach to 2D and higher-dimensional spaces. To do this we will use a mathematical
tool in uid mechanics that was used for tracking the evolution of a surface, called Reynolds transport theorem.

2.5 Reynolds Transport Theorem for Di erentiating Multi-dimensional Integrals

In two-dimensional space, our discontinuities become lines instead of points (point discontinuities in 2D will
be smoothed out by the integrals and do not a ect the derivatives). In our two triangles example (Fig. 2), the
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discontinuities are de ned by the edges of the triangles. Similar to the 1D case, we want to explicitly sample
the discontinuities, and evaluate the di erence at the two sides. The point evaluation over the discontinuities
in 1D becomes integrals over the lines in 2D. We can formalize this idea using Reynolds transport theorem, a
generalization of the Leibniz's rule for di erentiation (12).

Formally, let5 be a (potentially discontinus) scalar-valued function de ned on somdimensional mani-
fold 1c° parameterized with some 2 R. Additionally, let 1c° 1c®be anl= 1°-dimensional manifold
given by the union of theexternalboundarym c° and theinternal one containing the discontinuous locations
of 5. Then, it holds that

ior boundar
1 y interior 1 y

5d = %d mexi 5d - (14)

B

m
mc

wherex := X (note thatxis a=-dimensional vector, representing the relative boundary movement with respect
to the parametec),d andd respectively denote the standard measures associated widmd ; andhe i
indicates vector dot (inner) product. As in the 1D case, wHgis not di erentiable at'G c°, we de ne :Gc° = 0.

Further,n is the normal direction at eack 2 1c° and 5is given by
51x°:= lim 5' , nn® lim 5x , nn° (15)
n 0 n O

forallx 2 1ic°.

Fig. 5 illustrates the idea. As in the 1D case (B), we have the interior term and the boundary term. The
interior term is just the derivative of the continuous part of the integrand. The boundary term is nowraegral
that integrates over the di erence at thé= 1°-dimensional discontinuities (all the discontinuities with lower
dimensionality do not a ect the derivative). For each point on the discontinuity, we compute the di erence of the
integrand at the two sides of the boundary §). To take the in nitesimal area of the boundary changes with
respect to the di erentiating parameters into account, we multiply the di erence with the speed of the boundary
movement with respect to the parametens)( projected to the normal direction (Fig. 5b). This multiplication is in
contrast to the 1D case, where the boundary can only move left or right and is always aligned withdhmal
direction. See Flanders' article for a simple proof of Reynolds transport theorem [10].

Discretizing the integral®Ve now know how to compute the rendering derivative of our triangle rendering
example. Given our anti-aliasing integral (Ed.), we separate its derivative integral into an interior integral
and a boundary integral using Reynolds transport theorem (Ed.). We can then estimate the two integrals by
discretizing them:

1 ®s
5d —  BE°
#8 o
A . & " (16)
mexi 5d —  mexd 5GP
#1 gy

For the interior integral, we can just use the same discretization strategy in normal rendering. For example, we
can randomly sample inside the Iter support. We can also divide the Iter support into a grid, and sample the
center at each grid. Both rasterizati@and ray tracing can be used for computing the interior integral. For the

m5 _ " 5 _
constant color parameterg; = 1. For the vertex positions parameterﬁ—E =0
2Whenx approaches 1c° from the exterior of the integral domain 1c©, the corresponding one-sided limit in Eq. (15) is set to zero.

10
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For the boundary integral, we use the fact that the boundary domaitan be include continuous points. For
the points that land in the continuous regions,5 evaluates to 0 due to the de nition of continuity. Therefore we
de ne to be the set of points on all the triangle edges. To select a point on the edge, we rst randomly pick an
edge (there are 6 edges out of 2 triangles), we then uniformly pick a point on the edge. To evaluate the di erence
5, in practice we select a smalland query5 from the two sides. Furthermore, we are estimating many pixel
integrals gin the same time. When we pick a point on the edge, we will gather all the pixels whose lIter support
intersect with the point we pick, and scatter the derivative to the corresponding pixel integral discretization.
When there are more triangles in the scene, this can be accelerated by pruning out the set of edges that are not
the silhouetteand importance sampling. We will discuss more about the discretization of the boundary integral in
Section 5.1.1.

2.6 Relation to Rasterization-based Di erentiable Renderers

Our discretization strategy for the boundary integral above can only be e ciently computed using a ray-tracing
based visibility engine, since it requires random query to the pixel integr&ndsing hardware rasterization to
compute it is possible but likely to be wasteful.

However, many existingasterizatiorbased di erentiable renderers can be seen as a particular discretization to
the boundary integral (Eq(.L6). For example, OpenDR§ approximates the boundary terrmexi 5 using pixel
nite di erence, and choose between central di erence, forward di erence and backward di erence depending
on the result of the object ID detection. Kato et a1, on the other hand, apply an edge rasterization pass by
rasterizing all the edges, while interpolating the color bu er to compute the di erence. de La Gorce e®jl. [
inspired by discontinuity edge overdrawsf], also perform an edge rasterization pass, but compute the di erence
by assuming the mesh is a closed manifold, and compute the shading twice at the two sides of the silhouette.

Liu et al's work [25 does not fully t in our theory. They tackled the di erentiable rendering problem
by changing the forward rendering formulation to be di erentiable without the boundary integral, through
introducing two modi cations: 1) They analytically approximate the spatial anti-aliasing integral (#9).using a
sigmoid function by assuming only one triangle is inside the pixel. 2) They make all the surfaces in the scene
transparent using a form of weighted order independent transparency [28].

In contrast, our theory can support transparent surfaces as well without any modi cation. It works for both
order independent transparency and the more traditional OVER oper&id@y [they are just di erent rendering
integrands5. We do not need to resort to spatial analytical approximation, which can produce artifacts when
many triangles are in a single pixel or when texture is presented. Rendering transparent surfaces e ciently is
a longstanding problem in real-time rendering, and it usually makes e cient occlusion culling techniques not
applicable. On the other hand, transparency can make inverse rendering more tractable and less susceptible to
local minima.

These methods, while being di erent approximations to the anti-aliasing and boundary integrals, are not
consistenhor unbiasedliscretization. This can have negative impacts on the convergence of stochastic gradient
descent, which assumes that the approximated gradients converge to the correct gradient.

The performance of rasterization v.s. ray tracing is a longstanding debat&q. Di erentiable rendering
further introduces more performance tradeo s with di erent memory access patterns and arithmetic intensity
characteristics. While the performance comparison between rasterization and ray tracing under the di erentiable
rendering context deserves at least a full stand-alone research article, we list a few remarks here:

A common misconception is that ray tracing can only be used for computidgancec ects such as shadow
and global illumination. In contrast, the techniques we introduced here can be used for rendering local shading
as well.
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Visibility query is usuallynot the biggest bottleneck in current di erentiable rendering systems. Instead, most
of the rendering time is spent on incoherent memory access, irregular scattering, and atomic operations during
the derivative computation.

The interior integral and the boundary integral do not need to be computed using the same visibility algorithm.
One can compute the interior integral using rasterization, while computing the boundary integral using ray
tracing.

Many acceleration strategies that are used in rasterization, such as the hierarchical Z-blifdr occlusion
culling, can also be used for ray tracing based boundary evaluation (we can reject edges using occlusion culling
techniques).

The set of the boundary is often sparse in the image space compared to the number of pixels. It is conceivable
that we can compute the boundary integral with much less sampieg compared to the number of pixels
while achieving very low error.

Ray tracing is getting hardware support as well. The performance gap between coherent ray tracing and
rasterization is closing.

Nevertheless, our goal with the theory presented in this course is to guide future developments of di erentiable
rendering with a principled mathematical model. We hope that our theory can be the foundation of future
approximation methods.

In the next section, we will generalize our theory to handle the recursive rendering equation that computes
global illumination, and the radiative transfer equation that models participating media.

3 PHYSICS-BASED DIFFERENTIABLE RENDERING THEORY

Given the mathematical tools described in Y2, we now provide an in-depth introduction to the theory of physics-
based di erentiable rendering. Speci cally, we discuss in Y3.1 the di erentiation of the rendering equation PRE) [
with respect to arbitrary scene parameters. Then, we present in Y3.2 the di erentiation of the radiative transfer
equation (RTE) [5], another key equation to physics-based rendering.

3.1 Dierentiable Rendering of Surfaces

Physics-based rendering of surfaces has been a central topic in computer graphics for decades and is governed
by the well-knownrendering equatio(RE) P(. The RE is an integral equation stating that the (steady-state)
radiance! at any surface poink with direction 8 is given by:

1

110800 = 1 o1x+8,0,  !i1X*8° 5lX*8;*8 .0 df 180 (17)
?

where! ; indicate the incident radiancey, denotes the cosine-weighted BSDF, atiidis the solid-angle measure.

The RE has no analytical solution in general, and numerous numerical methods have been developed. Some of
the widely adopted examples include unbiased methods like unidirectional and bidirectional path tracing, as well
as biased ones such as photon mapping and lightcuts. [SZ: citations]

3.1.1 Direct llluminatiorBefore di erentiating the full RE(17) we rst consider the case of direct illumination
as a warm-up. Speci cally, the radianée resulting from exactly one re ection at a surface poirtwith direction

8, equals
1

! rlx.800 = I el"‘" 8i0 51X'8i°800df l8i0' (18)
*
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Fig. 6. The normal directions of arcs and circles (that are respectively the projections of line segments and spheres) as
spherical curves.

where~ is the closest intersection of a light ray originated atwith direction 8;. That is,~ = rayTracéx8;°.
Unlike the RE(17)that takes the form of an integral equation, E€{.8)is a simple spherical integral as its
right-hand side involves only known quantities.

We now consider the problem of calculating the derivativelgfx+8 ,° with respect to some abstract scene
parameterc 2 R. Givenx and8, let Bjirect!8i; X*8° = ! ei~o 8i°51x*8i*8°. It holds that

o (1Xe8 OV4= %ﬁ. [ 1X*8 OV % B Biirect!81; X*8,0df 18;° " (19)
By applying Reynolds transport theorem (14) to this equation, we have
. interior . boundary
A 1X*8o%Ya= SZ»QirectlSi; X*8o°%adf 18i° |, Szh"?‘&i Qirect'8i; X*80°d 18° " (20)

whered is the curve-length measure. In this equation, timéerior term is an integral over the unit spherg?,
which is independent of the scene parametermaking the integral variabld; also bec-independent. The
boundaryterm, on the other hand, emerges due to the (jump) discontinuity point§ef.: (with respect to8;)
and captures how they movec varies. These discontinuity points forms ldiscontinuity curvesvhich we
denote as S?, over the unit sphere. For an§; 2 S'x+8,°, n»18;° is a vector in the tangent space 6F at 8;
perpendicular to the discontinuity curve (see Figure 6). with unit-normal eid (see Figure 6).

Assuming the (cosine-weighted) BSHBffx+8;*8 ; to be continuous with respect t8;, which is usually the
case except for perfectly specular BSDFs, the discontinuities of the intedigad fully emerge from those of
the incident emission ¢1~+8°, which is generally discontinuous due to occulsions [SZ: Add a gure.] Therefore,

Qirect'8i; X*8 % = 3'X*8i*8° et~ 8 (21)

3.1.2 Dierential Rendering Equatiddased on the analyses in Y3.1.1, we now di erentiate the full rendering
equation (REJ17)using Reynolds transport theoreifi4) This yields another integral equation, which we call
the di erential rendering equatian

)i. lX'8 001/4: )J. e1X.8 00]/4’

1 interior boundary

o {1X8 0 Blx+8+8 ooVdf 18;° |, Mo+ B1X*8i*8,° !1x*8°d 18/° * (22)
Sz 7
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Similar to its original counterpar{(17) the di erential rendering equatior(22)has no analytical soltuion in
general. We will discuss Monte Carlo solutions to this equation in Y5.1.

3.2 Dierentiable Rendering of Participating Media

Besides surface re ection and refraction, another important type of light-transport e ects is volumetric: light can
be absorbed and scattering within participating media comprised of microscopic particles. To model volumetric
scattering of light, the radiative transfer theory (RT Tj][has been introduced by physicists half a century ago.
We review RTT in ¥3.2.1 and present its di erential variant in ¥3.2.2.

3.2.1 Radiative Transfer Theory PreliminaResliative transfef5] uses energy conservation principles to model
light transport in participating media. At its core is theadiative transfer equatiofRTE): Consider a medium

con ned in avolume R3with boundarym . Thesteady-stat®TE is a linear integral equation on the radiance
eld ! in the interior of the volume that can be expressed in operator form as [45]:

| =1KtKg KLl 1'% (23)
In this equation, theransport operatoK t maps any functior6: 2 nm?©° $?! R to a new function
1

T601xe80 = X X% 61x .
1K + 601xe8 O K Gxopt O'8°dg (24)
0

where:x%:=x ¢8; isthe distance fronx to the medium's boundary in the direction of8 ;
=inffg2R :x g8 2mg (25)
and) 1x%x° is thetransmittancebetweenx®andx, that is, the fraction of light that transmits straight between
x%andx without being absorbed or scattered away:
1
g
) 1x%x° = exp fiix g%odg® » (26)
0

with f{ denoting the medium'xtinction coe cient
In EqQ. (23), theollision operatoK ¢ maps the i?terior radiance eld to®

1K1 01xe80 =fIx®  Byixe 8je8°! 1xe8;odf 18,0 (27)
Sz
| {z }
:;!ins1x.80

wheref s and §, respectively denote the medium&attering coe cienandsingle-scattering phase functiamd
1 s s usually termed as thin-scatteredadiance’ Additionally, the interfacial scattering operatéts follows the
rendering equation (17) and is de ned as

IKs!9xe8° =) Ixgx®  GiXor 8:+8°! 1xge8;°cf 18 (28)
Sz

wherexg = x 8 is a point on the medium's boundary. This term accounts for contributed radiance due to
re ection and transmission at the medium's boundary.
The last term on the right-hand side (RHS) of the RTE (23) is

1 '®1xe80 1= 1K1 ,&01Xe8° | ) 1X(*XO! ¢1X*8 O (29)
3In this course, we follow the convention that all directions point away fromwhen expressing BSDFs and phase functions, yielding the

negative sign befor®; in Eq. (27).
4Precisely! 'S captures the in-scattered radiance before volumetric absorption.
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k= Kt Kc!o . 1K glo . it »
I A I I 2 T
Y3.2.3 Y¥3.25 Y3.26

Fig. 7. Anoutline of the derivations of the di erential radiative transfer equation.

which indicates the contribution of radiant emission in the medium and from its boundary. In this equation,
fa:=f; fgsistheabsorption coe cientand& represents the mediumsadiant emission

3.2.2 Dierential Radiative Transfékle now present a di erential theory of radiative transfer introduced by
Zhang et al. §5 by showing how the interior radianceé can be di erentiated with respect to some scene
parameterc 2 R. To this end, we derive the partial derivatiV®:= memc by di erentiating each of the operators
on the right-hand side (RHS) of Eq. (23).

AssumptionsAs most participating media and translucent materials are non-emissive, we neglect the volumetric
emission term& in Egs.(29)when deriving® Additionally, we assume that: (i) the RTE and RE parameferss,
5, 5, and! ¢ arecontinuouspatially and directionally; and (ii) there are rmero-measurkght sources (e.g., point
and directional) orideal specular surfacésg., perfect mirrors).

OverviewlFigure 7 outlines the structure of our derivations. As a preview, based on the assumptions above, the
scene partial derivativé& will take the form of Eq. (45).

3.2.3 Di erentiation of the transport and collision operatd¥e. start with the rst term on the RHS in Figure 7,

R Kt Kc!, which can be shown to equal [45]:
1

gKrKc!oixe80= ) 1x&xof jx®ENs1xGgodg

1 0

. ) x%xOfigix®  (ixe8e@f ixP1AM1xABOdg  § 1xpexOf sxo0! MSixe8% (30)
wherex®:=x g8 is a point on the ray originated fronx with direction 8;xo:=x 8 isthe location where
the ray intersects the medium boundarys is the inl-scattered radiance from E(27) and (1x*8«¢f, de ned as

9
e8P :=  fgx g%°dg> (31)
0

appears when we di erentiate the transmittangetx ®x°.
In Egs. (30) and (31fg andfg are essentiallynaterial derivativegiiven by [22]

folx© = mflx° , hoer f 1x0je (32)
mc

forf 2 ff=fsgwith r being the gradient operator. _
Evaluating the RHS of E§30)also requires?, ! "S1xge8°, andP"S1x%8°, In what follows, we derive formulas
for these terms.

In-scattered radiance at the boundarie last term required for evaluatinp Kt K¢ ! in Eq.(30)involves the
in-scattered radiancé™™ at boundary pointxo. Caution is needed here since light transport behaves di erently
at the two sides of the boundary.

1 Ins1yx 480 js given by the limit of! "S1x%8° asx%approaches the boundary location from the interior of
the medium along the direction of 8. Namely,! ™1xe8° = limg ! "1x%g°with x%:=x g8 This limit
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Fig. 8. Calculating the in-sca ered radiande™s at locationxg 2 m with direction 8 pointing toward the interior of the
medium (illustrated in gray). (a) Whe® ° 2 H_(i.e., pointing toward the exterior of the medium), the interior radiance
I 1x+8 ® involving a line integral (indicated as the dashed line in green) from the interior is used. (b) W&&2 H , on the
contrary, the interfacial radiance xo*8 ® from the interior is used. This radiance is in turn determined by interior radiances
reflected and refracted by the interface (shown as dashed lines in orange).

(@) (b)

Fig. 9. (a) Definitions oS'x° andn? 1x°. (b) Deriving the change-of-measure ratiin\ k~ xkin Eq.(36)by projecting a
di erential curve d~ to the surface of a unit sphere arounxl.

can be further expressed as
1
1 NS1yx 080 = Bixgs 8%8011x»8%d8%  5ixge 8%8°!1xpe8%°d8% (33)

H H

whereH andH are the two hemispheres separated by the boundary@fsee Figure 8) given by
H =f8%2S% : mixo>8% i 0p H =8°25*: mix®84 Y Og (34)
wherentxg® is the boundary normal pointing toward the exterior of the medium (i.lmix%8i Y 0).

3.2.4 Di erentiation of the in-Sca ered radiandevaluating the RHS of E¢§30)also requires the derivative of
the in-scattered radiance™ of Eq.(?7. Recall that S is expressed as an integral §f'xs 8 ®8°! 1x8 ® over
directions8 ° Note that! 1x+8 ® may have discontinuities ir8 ° (for xed x) due to visibility changes. Thus, to
di erentiate ! S, we must consider how the discontinuities change with respect to the scene pararoeter
LetSx° S?be a set obpherical curvesapturing all discontinuities of,txe 8 %8°1 1x+8 ® with respect to
80(see the red curves in Figure 9). At an interior po2 nm and direction8 2 S?, the derivative oft "
can be expressed a}s )

PNS1xe80= g GHixe 8%8011xe8% (g0, ,+8Y4 5ixs 8%80 11xeg®d 18%” (35)
7

Stx°
{z }
= ins1x.8 o
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